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Abstract The Dirac wave equation is separated in the Robertson-Walker metric. The re-
sulting radial equation is interpreted as a one dimensional quantum-like equation that is
explicitly solved. There results that the energy spectrum, that is determined in the flat, open
and closed universe, is independent of the mass of the particle. Moreover it is the same of
the massless neutrino case previously studied. In the closed metric case the discrete positive
spectrum is asymptotically determined. The separation of the energy levels is however very
far from being experimentally tested.
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1 Introduction

The Dirac equation in Robertson-Walker (RW) space-time has been integrated in different
ways by variable separation (e.g., [1–4]). What seems to lack, except for the massless neu-
trino case [5], is the reduction of the Dirac equation to a one dimensional wave equation, in
analogy to what done in the case of the Kerr metric [6]. It is the object of the present paper to
supply such formulation. To that end a previous study of separation of Dirac equation in RW
metric [4] is reconsidered. According to it the separated angular equation is integrated and
the separated time equation explicated. As to the separated radial dependence, it results in a
pair of coupled ordinary differential equations. They are disentangled in an elementary way
and recast into the form of an ordinary quantum like equation. The energy spectrum is then
qualitatively obtained on the base of standard mathematical results concerning Schrödinger
eigenvalue problem. The solution of the radial equations, is explicitly determined for flat,
open and closed universe.
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A main result is that the solutions and the spectrum do not depend on the mass of the
particle and coincide with the one previously studied in the massless neutrino case. The
closed universe case is further studied by assimilating it to a closed quantum system for
which standard boundary conditions on the eigenfunctions are required. The corresponding
discrete spectrum is asymptotically determined in a special but meaningfull case. The result,
however, is very from being verifiable by the present experimental data relative to the energy
spectrum of cosmic spin 1/2 particles.

2 Reduction of Dirac Equation to One Dimension Quantum-Like Equation

The Dirac field equation in curved space-time can be written [4, 6, 7] in terms of two coupled
spinor equation in two spinor:

∇AẊP A + iμ�Q̄Ẋ = 0,

∇AẊQA + iμ�P̄Ẋ = 0
(1)

with μ�

√
2 = m0 the mass of the particle. Equation (1) has been solved in the Robertson-

Walker (RW) metric [8]

ds2 = dt2 − R2(t)

[
dr2

1 − ar2
+ r2(dθ2 + sin2 θdφ2)

]
(a = 0,±1) (2)

by using the Neumann-Penrose formalism [9] and by variable separation [4]

(P 0,P 1) ≡ eimϕ

rR(t)

([
F(r)T (t) + G(r)S(t)

]
S1,

[
F(r)T (t) − G(r)S(t)

]
S2

)
,

(3)

(Q̄1,−Q̄0) ≡ eimϕ

rR(t)

([
F(r)T (t) − G(r)S(t)

]
S1,

[
F(r)T (t) + G(r)S(t)

]
S2

)
,

(S1 = S1(θ), S2 = S2(θ)) where m = 0,±1,±2, . . . . The results are the following. The
separated angular equations have the solutions [5]:

S2lm = (1 − η)
m
2 + 1

4 (1 + η)
m
2 − 1

4 P
(m+ 1

2 ,m− 1
2 )

l−m (η), m ≥ 1, l = m,m + 1, . . . ,

S2lm = (1 + η)
|m|
2 + 1

4 (1 − η)
|m|
2 − 1

4 P
(|m|− 1

2 ,|m|+ 1
2 )

l−|m| (η), m ≤ −1, l = |m|, |m| + 1, . . . , (4)

S2l0 = sin θUl(η), η = cos θ,

P (α,β)
n the Jacobi polynomials [10]. (The explicit expression of the solution S1 follows from

that of S2 by the substitution m → −m.) By choosing −ik (instead of k as done in [4]) to be
the separation constant of radial and time dependence, one has S(t) ∼= T �(t) with T obeying

T̈ + 2
Ṙ

R
Ṫ +

(
R̈

2R
+ 1

4

Ṙ2

R2
− im0

√
2
Ṙ

R
+ 2m2

0 + k2

R2

)
T = 0 (5)

that explicitly depends on the time evolution of the cosmological background (examples of
different cosmological evolutions are given in [4]).



1630 Int J Theor Phys (2010) 49: 1628–1632

Starting from (1) and using the same decomposition given by (3), one obtains for the
radial equation the following expression:

r
√

1 − ar2G′ − ikF = λG,

r
√

1 − ar2F ′ − ikG = −λF
(6)

where λ2 = (l + 1
2 )2, l = |m|, |m| + 1, . . . for |m| ≥ 1 and λ2 = (l + 1)2, l = 0,1,2, . . . for

m = 0 [5]. The equations can be decoupled by first setting

r� =
∫ r

0

dr√
1 − ar2

, a = 0,±1 (7)

so that they become
(

d

dr�

− λ

r

)
G = ikF,

(8)(
d

dr�

+ λ

r

)
F = ikG

and then denoting Z+ = F , Z− = G

(
d2

dr2
�

+ k2

)
Z± = V±Z±,

(9)

V± = λ2

r2
∓ λ

r2

dr

dr�

.

These equations are the same as the neutrino massless case [5].

3 Discussion of the Radial Equation

According to standard results in the theory of one dimensional eigenvalue problems [11] it is
possible to determine the nature of the spectrum of values k2 of (9). For a = 0, (flat universe)
r� = r, r ≥ 0. From the analytical behavior of V± then k2 may take any positive value. For
a = −1 (open universe) r� = sinh−1, r� ≥ 0, the spectrum relative to V+ is the positive real
axis. That relative to V− is again the real axis plus an a priori possible discrete set of negative
eigenvalues so that the common spectrum is again k2 > 0. For a = 1 (closed universe) r� =
sin−1, 0 ≤ r� ≤ π

2 , there is a discrete positive spectrum for k2. This is coherent with the
interpretation of system in the closed universe as a confined quantum system. Equations (9)
can be explicitly integrated.

For a = 0 the equation to be solved is

Z′′
± +

[
k2 − λ

r2
(λ ∓ 1)

]
Z± = 0 (10)

that can be reported to the hypergeometric confluent equation. One obtains the solution

Z+(r) = rλ eikr
[
A�(λ,2λ;−2ikr) + B�(λ, 2λ + 1;−2ikr)

]
(11)

where � is the logarithmic confluent solution [10]. Similarly for Z−.
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If a = 1, the equation to solve is

(
− d2

dr2
�

+ λ(λ ∓ cos r�)

sin2 r�

)
Z± = k2Z±. (12)

By setting ξ = cos r� we transform (12) concerning Z+ into

Z′′
+ + ξ

ξ 2 − 1
Z′

+ −
[

k2

ξ 2 − 1
+ λ − ξ

(ξ − 1)2(ξ + 1)2

]
Z+ = 0. (13)

As to Z−, one can proceed similarly.
Finally, if a = −1, the equation for Z+ coincides with (13) relative to a = 1 after the

substitution k → ik. Also here one can proceed similarly for Z−.
Due to the interest, one can develop the case a = 1 that must be solved under the condi-

tions

Z±(r� = 0) = Z±
(

r� = π

2

)
= 0. (14)

By further setting Z+ = (1 − ξ)
λ
2 (1 + ξ)

λ+1
2 f (ξ) (13) becomes

(1 − ξ 2)f ′′ + [
1 − 2(λ + 1)ξ

]
f ′ −

(
λ2 + λ + 1

4
− k2

)
f = 0. (15)

Its solution in terms of hypergeometric function [10] is

Z+ = (1 − ξ)
1−λ

2 (1 + ξ)
λ+1

2

[
AF

(
1 − k, 1 + k;λ + 3

2
; 1 + ξ

2

)

+ B

(
1 + ξ

2

)−λ− 1
2

F

(
1

2
− λ − k,

1

2
− λ + k; 1

2
− λ; 1 + ξ

2

)]
. (16)

(The equation for Z− follows from that of Z+ with ξ → −ξ .) The solution (16) generalizes
the one obtained in [5] for λ = 1. As shown in Ref. [5] the condition (14) for λ = 1 implies
the constraint 2k tan(πk/2) = 1 that in turn gives a countable set of solutions kn that for
large n are of the form

kn
∼= 4n (n � 1). (17)

(With regards to this, notice that the spectrum kn ∝ n proposed in [2] by a different argu-
ment, should be considered correct only for large n.) The condition Z+(0) = Z+( π

2 ) = 0
for the general solution (16) seems quite difficult to be exploited. (A hint to exploit (14)
could be of iterating the procedure developed in [2] for λ = 1 to obtain the constraint equa-
tion for k.) The equation for Z− with the constraint (14) determines the same spectrum of
values k2

n that, in the considered special case, represents the energy spectrum for the Dirac
wave equation in the closed Robertson-Walker space-time.

4 Concluding Remarks

In the previous sections it has been shown that the study of the Dirac equation in RW metric
can be reduced to the solution of one dimensional Schrödinger-like equation. The main
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consequence is that the spectrum of the Schrödinger operator results to be independent of
the mass of the particle and coincides with the one previously determined for the massless
neutrino case. In particular, in the closed universe case, the spectrum is, for λ = 1, of the
form En ≡ k2

n
∼= (4n)2 for large n. According to this result for �En = En+1 − En 
 1 eV

then En 
 1026 eV and for En = 4 MeV then �En 
 10−10 eV. The separation of the energy
levels is therefore beyond the present experimental sensitivity not only for neutrinos but also
for galactic spin 1/2 particles. Indeed an experimental separability of neutrino energy levels
would involve very improbable energies. On the other hand, an high energy value seems not
so improbable for spin 1/2 galactic particles. Unfortunately the relative separation of the
discrete levels obtained is completely negligible compared to the error �E/E ≥ 10 − 30%
of the present experimental measurements [12–14].

The problem remains of interest in principle. An experimental evidence of the non ex-
istence of a discrete component in the energy spectrum of spin 1/2 cosmic particles would
rule out the idea of a closed universe in case of the standard cosmological model.
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